This paper concerns American barrier options with two barriers. Standard American Options are difficult to price but there exist good numerical or analytical approximation methods. The situation is different for American barrier options. These options cease to exist or come into being if some price barrier is hit during the option's life. The paper studies analytic valuation of American barrier options with two barriers where the barriers become active by turns. In this paper, analytic valuation formulas for these options are derived by using both constant and exponential barriers for optimal early exercise policies.
Introduction
Barrier options are widely used by institutional investors, banks and corporations in their risk management, and American-style options give their holders the additional flexibility of early exercise. Because a wide variety of traded options are American options, the problem of valuing American options has been an important topic in financial economics.
The first approach to valuing American options, proposed by Brennan and Schwartz [3] and Parkinson [26] , was a direct numerical evaluation of the Black-Scholes partial differential equation using finite differences. Cox, Ross and Rubinstein [8] used the binomial model to reduce the size of errors by refining the time partition so that the resulting lattice has layers as close as possible to the barrier. These numerical methods are quite flexible and simple to implement. However, even after employing enhancement techniques such as control variates or convergence extrapolation, they are very time consuming.
There are many approximation schemes developed to reduce this time consuming task. Johnson [17] expressed the put value as an approximate function of its parameters. Geske and Johnson [11] approximated the American option price through an infinite series of multivariate normal distribution functions. BaroneAdesi and Whaley [1] used Merton's [25] solution for perpetual American options and the quadratic method of MacMillan [24] . Despite its high efficiency and the accuracy improvements, this method is not convergent because there is no control parameter to adjust to improve the accuracy.
Longstaff and Schwartz [23] adapted Monte Carlo simulation methods to deal with the American put problem. They addressed the optimal stopping problem in a Monte Carlo framework by comparing the conditional expected value of continuing with the value of immediate exercise if the option is currently in the money. Their method is based on a polynomial approximation of the continuation value, leading to an approximate free boundary. Sullivan [27] approximated the option value function through Chebyshev polynomials and employed a Gaussian quadrature integration scheme at each discrete exercise date. Although the speed and accuracy of the proposed numerical approximation can be enhanced via the Richardson extrapolation, its convergence properties are still unknown. Carr and Madan [6] showed how the fast Fourier Transform may be used to value options when the characteristic function of the return is known analytically. Belomestny et al. [2] proposed a novel approach to reduce the computational complexity of the dual method for pricing American options. They considered a sequence of martingales that converges to a given target martingale and decompose the original dual representation into a sum of representations that correspond to different levels of approximation to the target martingale.
Another stream of the American option pricing literature is to derive lower and upper bounds for American option values. Kim [22] , Jacka [16] , and Carr et al. [5] obtained an analytic integral-form solution for American options where the formulas represent the early premium of an American option as an integral which has the early exercise boundary. Broadie and Detemple [4] provided tight lower and upper bounds for American call prices based on the assumption that the early exercise boundary is a constant. Ju [18] approximated the early exercise boundary as a multipiece exponential function and substituted it by the early exercise premium integral, derived by Kim [22] , to price American options. Ingersoll [14] described another approximation method of American options based on barrier derivatives: The exercise policy is approximated by a simple class of functions, and the best policy within that class is selected by standard optimization techniques. The advantages of this method are its simplicity and speed, even when used in general-purpose computer programs such as spreadsheets. Concretely, he dealt with a constant barrier approximation and an exponential barrier approximation for American put. Chung et al. [7] derived the essential formulas for solving the lower bound and the optimal exercise boundary.
For the American barrier option problem, Gao et al. [10] suggested an approximation method for American barrier options. They applied the approximation techniques of a standard American option to an American barrier option, and proposed two approximation methods using [13] and [18] to approximate an American barrier's exercise boundary. Dai and Kwok [9] provided an analytic formula for knock-in options and showed that the in-out barrier parity relationship for American barrier options could not be obtained unlike the case of European barrier options. Zhang et al. [28] presented the total least squares quasiMonte Carlo approach for valuing American barrier options, which modifies the least-squares Monte Carlo method.
Ingersoll [14] presented American up-and-in put by an approximation method based on barrier options with constant exercise policies. He also suggested the use of an exponential function to approximate the early exercise boundary. Jun and Ku [21] provided analytic valuation formulas of American partial barrier options in terms of a finite sum of bivariate normal distribution functions.
To the best of our knowledge, there are no papers about American barrier options with two barriers. The main contribution of our study is that we are the first to study a barrier option of American type with two barriers and derive an analytic valuation formula. There are two classes of barrier options with two barriers. One is double barrier options and the other is chained options.
1 Chained options differ from double barrier options in the sense that the other barrier does not exist until one barrier is hit according to their predetermined order. This paper investigates chained options of American type where an American barrier option is commenced at a time when the specified barrier is crossed before maturity. This paper extends the approximation method of American barrier option in Ingersoll [14] to the case of chained options of American type with two barriers, and derives the analytic formulas for such options. Consistent with intuition, when the first barrier of an American chained barrier option approaches the initial underlying asset price, the value of the American chained barrier option with two barriers converges to the American barrier option value with a single barrier (the second barrier of the two). Both constant and exponential functions are considered for early exercise boundaries in valuing chained option of American type. Our explicit formulas provide a very tight lower bound for the option price, and moreover, this method is superior in speed and its simplicity. This article is organized as follows. Section 2 provides the valuation formulas for an American up-and-in put option which is activated at a first passage time to down-barrier D. This approximation method is based on barrier options along with constant early exercise policies. Section 3 treats the exponential exercise barriers case. Section 4 presents some conclusions.
Approximation of American chained option by constant barriers
Let r be the risk-free interest rate, q be a dividend rate, and σ > 0 be a constant. We assume the price of the underlying asset S follows a geometric Brownian motion
where μ = r − q − σ 2 2 and W t is a standard Brownian motion under the risk-neutral probability P . In this section, we consider chained options of American type. American options give their holders the flexibility of early exercise. An American up-and-in put option can be exercised before the expiration time when it is in the money, but only after the stock price rises above the knock-in barrier. We consider the up-and-in put commencing at a time when the asset price hits the down-barrier D. This option can be exercised before the expiration time T by the option holder, but only after the underlying asset falls below D and then rises above U before time T . The payoff of this option is zero otherwise.
In order to obtain the approximation to valuing American chained option using barrier derivatives under exercise policies, it will be convenient to introduce the following digitals: Let D(S, t; A) be the value at time t of receiving one dollar at time T if and only if the event A occurs, and DS(S, t; A) be the value at time t of receiving one share of stock at time T if and only if the event A occurs. The D is said to be a digital or binary option and the DS is said to be a digital share. The quantity E(S, t, K τ ; A) denotes the value at time t of payment X − K τ at the first time τ that the stock price S hits the barrier K τ provided the event A occurs before time T , where X is a strike price. The E is said to be a first-touch digital.
First we present a brief review of the results in [14] . Consider an American up-and-in put expiring T with strike price X. Let us denote by U the up-barrier and by K * t the optimal exercise policy. Let τ B 1 denote the first time the stock price is equal to B 1 and τ B 1 B 2 denote the first time after τ B 1 that the stock price is equal to B 2 .
Let A 1 = {t < τ U < T, τ UK * > T, S T < X} be the event of exercise at maturity under the optimal policy, and A 2 = {t < τ U , τ UK * < T} be the event of early exercise under the optimal policy. Then the value of the up-and-in put can be written as
The barrier approximation for this put takes the maximum value within a class of restricted policies. For example, for constant exercise policies k,
and τ Uk is the first time the stock price hits the constant policy barrier k after hitting the barrier U .
The values for these digitals are given by
where N is the standard normal distribution function,
Now, we present the valuation of American chained option using barrier derivatives. Let K * denote the optimal exercise policy. We denote by τ D the first time that the underlying asset reaches the barrier D.
By τ DU and τ DU K * , we denote the first time that the underlying asset rises to the barrier U after τ D and the first time that the underlying asset falls to the optimal exercise policy K * after τ DU respectively. Let
be the event of exercise at maturity under the optimal policy, and A 4 = {t < τ D , τ DU , τ DU K * < T } be the event of early exercise under the optimal policy. Then the value of an American up-and-in put commencing at the first passage time to barrier D is written as
For the barrier approximation of this option, we consider a class of all constant exercise policies. We let
be the event of exercise at maturity under a constant policy k, and A 6 = {t < τ D , τ DU k < T } be the event of early exercise under policy k. Then we can express the option price as
If the set of policies considered contains all continuous functions, then the resulting put value will be exact. Since the set K c is the set of all constant functions, then the resulting value will be an approximation providing a (very tight) lower bound to the put price.
We first present the digital options for an American up-and-in put option starting at the hitting time of barrier D under constant exercise policies.
Theorem 2.1. The values of a digital option and a digital share at time t for the event
A 5 = {t < τ D , τ DU < T, τ DU k > T, S T < X} are D(S, t; A 5 ) = e −r(T −t) U D 2μ σ 2 N h 1 U 2 S t D 2 k − N h 1 U 2 S t D 2 X + e −r(T −t) Dk US t 2μ σ 2 N h 1 D 2 k 2 U 2 S t X − N h 1 D 2 k U 2 S t ,
DS(S, t; A
Proof. Apply Lemma A.3 with letting u =
to derive the risk-neutral probability of exercise at maturity. We note that
Then the value of the digital option D(S, t; A 5 ) at time t is D(S, t; A
Also, the digital share DS(S, t; A 5 ) can be valued by changing μ to μ = r − q + 
Proof. When the stock pays dividends, the asset price follows the continuous diffusion process dS t = (r − q)S t dt + σS t dW t . To eliminate the dividend term in the process, we set
Then, by Ito's lemma,
We may apply Lemma A.5 to the process V t , since (2.3) does not contain the dividend term. The barriers for V t corresponding to U , D, and k are U β−b , D β−b , and k β−b respectively. Furthermore, the volatility σ is replaced by (β − b)σ. Then, the value of the first-touch digital for the event A 6 is
Thus, We next present some numerical results to examine the accuracy of our solution. We compute the values of American chained option by our formula (2.1) and compare them with those by popular Monte Carlo method with an Antithetic Variate. (See for example [12] .) Table 1 . N is the element number of constant policy set K c to seek the best policy where policies are evenly spaced from 0 to X = 100. Since the American up-and-in put option comes into action only if the down-barrier is hit first, the option price UIP d const decreases as the initial stock price gets farther apart from the down-barrier D. We notice that as the element number N of constant policy set increases, the option value V (N ) increases concavely. In other words, it converges to a constant quickly as N becomes large.
MC is a result of simulation using the Antithetic Variates, a Variance Reduction Method of Monte Carlo simulation. For the American chained barrier option using policy barriers, Monte Carlo method requires much larger amount of computer time because a large number of sample paths and policy barriers, and a large enough monitoring frequency must be needed in order to catch the hitting times. For the Monte Carlo approximation in Table 1 , the computer time is more than 10 000 times as long as for our formulas method to obtain the similar results under the same policy numbers. For the MC results in Table 1 and Table 2 , a monitoring frequency is 1000, the number of sample paths is 1000, and the number of policy barriers (evenly spaced from 0 to 100) is 100. Option parameters: S 0 = 100, X = 100, σ = 0.3, T = 0.5, r = 0.05, q = 0. V (N ) is an option value of UIP d const using the formulas in (2.1) . N is the number of constant policy barriers which are evenly spaced from 0 to 100. MC is a result of simulation using the Antithetic Variates, a Variance Reduction Method of Monte Carlo simulation. k * is the optimal policy barrier for V (10 000).
We note that the last column k * is the optimal policy barrier when N = 10 000, and the best constant policy depends, of course, on option parameters such as initial stock price, strike price, upper barrier, and lower barrier.
Remark 2.3. When the barrier D approaches to the current stock price S t , it can be checked that the formulas for D, DS and E become the values of these digitals for the regular American barrier option given in this section.
Approximation of American chained option by exponential barriers
In this section, we present the valuation formulas to approximate an American chained option under exponential policy barriers. The barrier approximation method can be improved by using an expansive class of functions for exercise policies. We consider the class of exercise policies, K e , is a set of exponential functions whose elements are in the form of K t = K 0 e δt with constant K 0 and δ ≥ 0. Since options with exponential barriers have analytical solutions under Black-Scholes conditions, an exponential barrier is a natural choice. Let A 7 = {t < τ D , τ DU < T, τ DU K t > T, S T < X} be the event of exercise at maturity under an exponential policy barrier K t and A 8 = {t < τ D , τ DU K t < T } be the event of early exercise under policy K t . Then, the American up-and-in put option activated at time when barrier D is hit is approximated under exponential policy barriers as
Theorem 3.1. The values of a digital option and a digital share at time t for the event
A 7 = {t < τ D , τ DU < T, τ DU K t > T, S T < X} are D(S, t; A 7 ) = e −r(T −t) U D 2μ σ 2 N h 4 U 2 S t D 2 K t − N h 1 U 2 S t D 2 X + e −r(T −t) DK t US t 2μ σ 2 U 2 S t D 2 K t 2δ σ 2 N h 1 D 2 K 2 t U 2 S t X − N h 4 D 2 K t U 2 S t ,
DS(S, t; A
Remark 3.2. If the barrier grows exponentially at rate δ, the drift of S t , μ, and the strike price X can be considered as μ − δ and Xe −δT respectively, for a constant barrier. Therefore, the function h 4 appears in the above formula, and the terms which depend on X still use h 1 since the changing barrier effects cancel. However, we note that for chained options, exponential barrier appears only after both barriers U and D are hit, and thus just replacing the drift does not lead to the formulas in Theorem 3.1.
Proof of Theorem 3.1. Let k t = k 0 + δ σ t where k 0 and δ ≥ 0 are constants. We first consider the probability that the process X t falls below d, and then rises above u, and then does not hit k t before time T , and its value at time T is less than x.
The last term in (3.1) can be calculated as in the proof of Lemma A.1. Since d and u are constants,
Thus,
The first two terms in (3.1) can be calculated by using the proof of Lemma A.2 for the process X t . Therefore,
), and x = 1 σ ln
to derive the risk-neutral probability of exercise at maturity.
As a result, the values of D(S, t; A 7 ) and DS(S, t; A 7 ) are obtained. 2
Theorem 3.3. The value of a first-touch digital for the event
Proof. We consider the first-touch digital with a barrier of K 0 e δt and a barrier payment of X − K 0 e δt at hitting time.
where k t = k 0 + δ σ t with constant k 0 and δ ≥ 0. The first term in (3.3) is obtained from (3.2), i.e.,
Also, the second term in (3.3) is computed as
), and x = . Then the substitution leads to
The value of digital share DS(S, t; A 8 ) at time t is
DS(S, t; A
If the stock does not pay dividends,
The value of payment X − K t at time τ DU K t is equal to 
When the stock pays dividends, as in Theorem 2.2, we adopt V t to get rid of the dividend term. In order to calculate the first term with constant payment X, we set V t = S β−b t where b and β are defined in (2.2). For the second term with exponential payment K t , we note when a payment grows exponentially at rate δ, discounting the payment at the interest rate r is equivalent to discounting a constant payment at the rate r − δ, therefore, set
The value of a first-touch digital for the event A 8 is now obtained by following a procedure essentially identical to the proof of Theorem 2.2. 2
Conclusion
This paper studies the valuation problem of American barrier option with two barriers. Because a wide variety of traded options are American type, the problem of valuing American options has been an important topic in financial economics. Standard American Options are difficult to price but there exist good numerical or analytical approximation methods. The situation is different for American barrier options. Even, to the best of our knowledge, the literature suggests no approximation formula for American options with two barriers. This paper investigates American barrier options in which two barriers become active alternately.
The analytic valuation formulas for these options are derived by the barrier approximation method under both constant and exponential exercise policies. Our formulas provide a good approximation for the option price in a simple and speedy way.
) and E m be the expectation operator under the m-measure. Then X t is a Brownian motion with drift μ σ . Define τ d , τ du , and τ dul by stopping times for this process defined as the first time that X t = d < X 0 , the first time after τ d that X t = u > d, and the first time after τ du that X t = l < u respectively.
Proof. The event τ dul ≤ T is the event that the process X t falls below d, and then rises above u, and then falls below l before time T . We utilize the reflection principle which reflects the early portion of path prior to its first touch at barriers with respect to the barriers. First, we reflect the original path with respect to d. The process X t = W t + μ σ t is a standard Brownian motion under the measure Q defined by
Let us introduce a process X t , t ∈ [0, T ], defined by the formula
The reflected path in Fig. 1 shows this process. Then
We reflect this reflected path before its first touch at u again. We reflect this doubly reflected path before its first touch at l once more. As a result,
Lemma A.2. The probability that the process X t falls below d, and then rises above u, and then falls below l before time T is
Proof. We note that
The first probability of the right-hand side is given by Lemma A.1 with x = l and the second one can be calculated by a similar method to the proof of Lemma A.1. Then we have
Lemma A.3. For x ≥ l, the probability that the process X t falls below d, and then rises above u, and then does not fall below l before time T , and its value at time T is less than x, is
Proof. to derive the risk-neutral probability of early exercise. Then
Thus, the value of digital option at time t
D(S, t; A 6 ) = e −r(T −t) P (t < τ
is obtained. Also, the digital share DS(S, t; A 6 ) can be valued as in Theorem 2.1. 2
Under a constant exercise policy, the up-and-in chained put option will be exercised early prior to maturity T for X − k if the stock price falls below D, and then rises above U , and then falls to k before time T . Now we consider the value of the first-touch digital at time τ DU k . We examine the case when there is no dividend on the stock first. 
Proof. The first-touch digital pays X − k at time τ DU k . This money can be used to purchase X−k k shares of the stock at that time. Since the shares do not pay dividends, it is worth X−k k S T at maturity T , i.e.,
E(S, t, k; A
where DS(S, t; A 6 ) is a value when q = 0 in Theorem A.4. 2
